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Abstract
Accurate description of the contact force between two impacting solid bodies is important in various engineering applications. This
paper examines the effects of contact force models on the global and local dynamics of a drifting oscillator. Three contact force
models are considered in this study, namely: the Kelvin-Voigt (KV), the Hertz stiffness (HS) and the nonlinear contact stiffness
and damping (NSD) models. The nonlinear analysis of the considered system shows that the local and global dynamic behaviour
depend on the choice of contact force model. The short-term (local) dynamic response for the system are almost identical for all
the three models . However, results for the long-term (global) dynamics of the system depend on the choice of contact force model;
while the results for HS model are topologically similar to those of the KV model, the corresponding results for NSD are different
from the other two models.
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1. Introduction
Vibro-impact systems are widely used in industrial applications such as pile driving, percussive drilling and ultra-
sonic machining. The dynamic behaviour of these systems can be described using a simple low dimensional drifting
impact oscillator. The operational processes in vibro-impact devices may involve collision between two solid bodies
with different surface profiles. The geometry of contacting surfaces is known to have an influence on the deformation
that takes at the surface of contact when two solid bodies collide. Hence, it is important to describe the contact force
in a manner that reflects these geometries. Hertz [1] modelled the deformation of two statically loaded contacting
elastic solids in terms of the contact force, the radius of curvature of each surface and the material properties of the
bodies. This later became known as the Hertz’s law and it forms one of the building blocks of contact mechanics.
Some contact force models have also been proposed for the dynamic loading of two colliding bodies [2–3].
Most studies on impact oscillators have considered the restoring force of the contact phase of the oscillator as a
Kelvin-Voigt (KV) pair, i.e. the sum of linear forces due to an elastic spring and viscous damper [3–10]. Our ear-
lier studies [3–5] on the dynamic behaviour of drifting impact oscillator used the KV model to represent the contact
force generated during the impact. In particular, the drift was separated from the bounded dynamics [4] and a five-
dimensional flow was reduced to one-dimensional iterative map [5]. Pu˙st and Peterka [11] have modelled the nonlin-
earity of restoring forces between solid bodies as a function of the deformation and velocity of non-drifting impact
oscillators, by considering free and forced vibration of the systems with Hertz contact. Muthukumar and DesRoches
[12] used a Hertz contact force model, which incorporates nonlinear hysteresis damping, to simulate pounding, a phe-
nomenon that occurs during the collision of building structures in earthquakes.
The current work compares the influence of the contact force models proposed in [11] and [12], with the KV model
used in our earlier studies [3–5] on the dynamics of the drifting impact oscillator. We investigate the similarities and
differences in the results obtained from the analysis of the local and global dynamics for each model for various pa-
rameter values. The engineering design implications of the obtained results are then discussed with the emphasis on
the choice of model applicable for the given parameter values.
The paper is organised as follows. The next section explains the mathematical modelling of the drifting oscillators
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and presents concisely the equations of motion that describe each contact force models. This is followed by a discus-
sion of the results for the global and local dynamics in terms of the quantitative values of the dimensionless frequency
and damping coefficient. The separation of the bounded motion from the drift and the reconstruction of the drift is
then presented and used to explain the results observed for high frequency and high damping coefficients. Finally, a
brief discussion of the application of the results in engineering design is given.
2. Physical and Mathematical Modelling
Drifting impact oscillators can be modelled as schematically shown in Fig. 1. A mass, M is subjected to an external
force, F which consists of a harmonic component of amplitude Pd, frequency Ω and phase shift ϕ, and a static com-
ponent Ps (Fig.1a). The mass impacts a slider which has massless top and bottom plates connected to each other by
a spring and a damper. The spring stiffness is K, while the damping coefficient is C. This is similar to the stick-slip
phenomenon reported in [13,14], in which the progressive motion of the mass occurs when the threshold of the dry
friction force Pf is exceeded by the contact force. The absolute displacement of the mass is defined as X1, while the
absolute displacements of top and bottom plates of the slider are X2 and X3 respectively. All the displacements are
referenced to the position at time t = 0.
Initially, the mass and the slider top plate are not in contact and there is a gap G|t=0 = G0 between them. As the
mass moves, G varies. When the mass and the top plate are in contact, G = 0. The motion can be classified into three
phases namely: no contact, contact without progression, and contact with progression. As the names suggest, in the
no contact phase, there is no interaction between the mass and the slider, while during the contact without progression
phase, the mass and the top plate of the slider are in contact but the bottom plate experiences no motion. For the
contact with progression phase, the mass touches the top plate and there is a simultaneous motion of the mass, the top
and the bottom plates of the slider.
As stated earlier, for a progressive motion to occur, the dry friction force Pf must be exceeded by the contact force
Pc. We examine three contact force models: the Kelvin-Voigt (KV), the Hertz stiffness (HS) and nonlinear contact
stiffness and damping (NSD) models. The Kelvin-Voigt model was studied extensively in our previous work (e.g.
[3–5]) and forms a reference in this study for the other two models. In the HS model, the contact force is a sum of
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a spring force obeying the Hertz’s law and a linear damping force. The NSD model presents the contact forces as a
combined effect of Hertz’s spring and a nonlinear hysteresis damping element.
The contact force Pc for the three models are related to the displacements and velocities according to
Pc =

K1(X2 −X3) + C1(X˙2 − X˙3) KV
K2(X2 −X3)
√
|X2 −X3|+ C2(X˙2 − X˙3) HS
K3(X2 −X3)
√
|X2 −X3|(1 + C3(X˙2 − X˙3)) NSD
(1)
where the contact stiffness Ki(i = 1, 2, 3) and damping coefficient Ci(i = 1, 2, 3) are defined in Appendix A. The
equations of motion of the system and the contact forces for the three phases of motion are as follows.
No Contact (X1 < X2 +G0):
MX¨1 = Ps + Pd cos(Ωt+ ϕ),
Pc = 0,
X˙3 = 0.
(2)
Contact without progression (X1 = X2 +G0 and Pc < Pf ):
MX¨1 = −Pc + Ps + Pd cos(Ωt+ ϕ),
X˙1 = X˙2,
X˙3 = 0.
(3)
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Figure 1. Physical model of a drifting oscillator in (a) dimensional and (b) dimensionless variables and parameters
Contact with progression (X1 = X2 +G0 and Pc ≥ Pf ):
MX¨1 = −Pf + Ps + Pd cos(Ωt+ ϕ),
Pc = Pf ,
X˙1 = X˙2.
(4)
It is worth to note that although the displacement X2, of the slider top plate during the contact with progression is in
phase with the displacement of the mass X1, the magnitude of X1 is greater than that of X2 by the gap G0, between
the initial position of the slider top plate and the mass, i.e. X1 = X2 +G0.
In order to analyse the system using numerical simulation, the equations of motion given above are re–written into
dimensionless form. The physical model in dimensionless variable and parameters is shown in Fig. 1b. The equations
of motion given above for the different phases of motion can be written in terms of dimensionless displacements
x, z, v , time τ , damping coefficient ξ and frequency ω as
x′ = y,
y′ = a cos(ωτ + ϕ) + b− P1P2(1− P3)L1(z, v, z′)− P1P3,
z′ =P1y − (1− P1)L2(z, v)/2ξ,
v′ =P1P3P4(L3(z, v)/2ξ + y). (5)
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where x, z and v are the relative displacement of the mass, slider top and bottom respectively (see Fig.1b), y is
the non-dimensional mass velocity, g the non-dimensional initial gap between the mass and top slider, a is the non-
dimensional amplitude of the dynamic force, b is the non-dimensional static force, ϕ is the phase shift and P1, P2, P3
and P4 are Heaviside functions defined as:
P1 = H(x− z − g), P2 = H(L1(z, v, z′)),
P3 = H(L1(z, v, z′)− 1), P4 = H(v′).
(6)
Functions L1(z, v, z′), L2(z, v), and L3(z, v) are defined in Table 1 for each contact force model and all the
dimensionless quantities are defined in Appendix B.
Table 1
Definition of functions L1, L2 and L3.
KV HS NSD
L1(z, v, z′) 2ξz′ + z − v 2ξz′ + (z − v)3/2 (2ξz′ + 1)(z − v)3/2
L2(z, v) z − v (z − v)3/2 1
L3(z, v) z − v − 1 (z − v)3/2 − 1 1− (z − v)−3/2
3. Global and Local Dynamics
In order to understand the influences of the contact models on the local and global dynamics of drifting impact os-
cillators, numerical integration of the differential equations was carried out using the same dimensionless parameters
for these models. The method of integration was based on the Runge–Kutta (4,5) formula in the MATLAB software
[15]. These results agreed with results obtained from a similar codes on the Dynamics software [16].
It is noted, however, that in practical applications the efficiency of the system is mainly dependent on the frequency
of the dynamic force and the damping factor as both parameters play major roles in the energy consumption of the
system. Therefore, there is need to compare the dynamics of the system at moderate and high values of both param-
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eters. In this section, we first consider the dynamics at low values of frequency (ω ≤ 0.1) and damping coefficient
(ξ ≤ 0.1) and then consider same at higher values of the same parameter (ω ≥ 0.1 and ξ ≥ 0.1).
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Figure 2. (a) Time histories computed for the three considered models, HS, NSD and KV using the following set of parameters
a = 0.3, ξ = 0.05, ω = 0.1, g = 0.02, ϕ = pi
2
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3.1. Low frequency and low damping (ω ≤ 0.1 and ξ ≤ 0.1)
We consider the short term (local) behaviour of the system for each contact force model for low frequency and
damping coefficient. The time histories of the system are shown in Fig. 2 for a = 0.3, ξ = 0.05, ω = 0.1 and
g = 0.02 for three different normalised static loads b1 = 0.1, b2 = 0.125 and b3 = 0.15. The results reveal that the
local dynamic response of the three models are almost identical. The variation of the displacement of mass m with
time for each model differs from the each other by less than 1%. It can also be observed that the average progression
rate for each of the static loads is approximately the same.
The bifurcation diagrams (Figs. 3a–c) showing the variation of the normalised velocity y, with the normalised static
load b for parameters a = 0.3, ω = 0.1, g = 0.02, and ξ = 0.05, reveal that although the dynamics of the system
is similar for each force model, bifurcation behaviour differ slightly. The bifurcation points from period 2 motion
to period 1 motion at normalised static load b = 0.105 for KV model corresponds well to the bifurcation point of
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b = 0.11 for the HS model and b = 0.112 for the NSD model. This again confirms that the three models give almost
identical results.
A comparison of the variation of normalised progression with the normalised static load was also carried out for
the three models. The results in the form of bifurcation diagrams are presented in Figs. 3d–f for the first 300 cycles
of motion of the mass. In practical terms it is revealed, the KV model sufficiently predicts the long term behaviour
of a drifting oscillator with low forcing frequency and low damping coefficient. All three models show the maximum
progression for the normalised forcing amplitude a = 0.3 for the normalised static load, b ≈ 0.165, which corresponds
to the point where the dynamics changes from periodic to chaotic motion. Beyond this static load, it can be observed
from Figs. 3a–c that the dynamics of the system is characterised by intermittent regions of chaotic and periodic motion,
although the static load applied is greater because most of the energy available is dissipated in the no contact phase of
the motion, thus resulting in decreased progression.
3.2. High frequency and high damping (ω ≥ 0.1 and ξ ≥ 0.1)
With high values of the frequency and damping coefficient, the bifurcation diagrams (Figs. 4a–c) showing the vari-
ation of the normalised velocity y with the normalised static load b for parameters a = 0.3, ω = 1.0, g = 0.02 and
ξ = 0.1 reveal that the force models generally give different results for long-term dynamical behaviour. All three
models exhibit chaotic motion for the normalised static force ranging from b = 0 to b = 0.01. However, between the
region b = 0.01 and b = 0.02, the HS model exhibits periodic motion while the KV and NSD models continue to
be chaotic. Another region of a major difference is between b = 0.19 and b = 0.3, where although all three models
exhibit periodic motion, the periodic motion is not the same. The KV model exhibits period two motion, while the HS
and NSD models exhibit period four motion.
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Figure 3. (a–c) Bifurcation diagrams y = η(b) and (d–f) Progression rates v = η(b) for the three models: KV, HS and NSD models; at
a = 0.3, ω = 0.1, g = 0.02, ξ = 0.05, ϕ = pi
2
The bifurcation diagrams in Figs. 4d–f show the variation of the normalised progression v with the normalised static
load b at constant parameters a = 0.3, ω = 1.0, g = 0.02 and ξ = 0.1 after 300 cycles of motion of the mass. It is
noted that the progression profile for each contact force model is also different. Once again, the maximum progression
is obtained at about the same normalised static force (b ≈ 0.18) for the given amplitude of harmonic forcing. It should
also be noted, however, that the maximum progression calculated for the NSD model is twice that obtained for the
KV and HS models. This suggests that the resistance to progression of the mass estimated by the NSD model at high
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Figure 4. (a–c)Bifurcation diagrams y = η(b) and (d–f) Progression rates v = η(b) for the three models: KV, HS and NSD models; at
a = 0.3, ω = 1.0, g = 0.02, ξ = 0.1, ϕ = pi
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frequency and damping coefficient values is smaller than those of the other two models.
In a manner similar to the earlier results from Figs. 3a–c and Figs. 3d–f it is obvious by comparing the bifurcation
diagrams in Figs. 4a–c and those in Figs. 4d–f that the maximum progression occurs at the static force where the
motion of the system changes from period–2 to period–1. The difference however, is that while the motion beyond
the maximum progression is mostly chaotic for low frequencies values, the motion is periodic for large frequencies
(ω > 0.1) as shown in Figs. 4a–c.
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4. Drift Reconstruction and Bounded Dynamics
In order to better understand the complex behaviour of the system, there is need to decouple the bounded oscillations
and the drift in the system following the procedure proposed in [4]. In this study we use a new set of co-ordinate system
(p, q, y) instead of (x, y, z, v) defined from the co-ordinate transformation
p = x− v; q = z − v, (7)
where p is the displacement of the mass relative to the bottom slider and q represents the displacement of the top slider
relative to the bottom slider plate. The system of differential equations (5) now becomes
p′ = (1− J3)y − J1J3D3(q)/2ξ,
y′ = a cos(ωτ + ϕ) + b− J1J2(1− J3)D1(q, y)− J1J3,
q′ =J1J2(1− J3)y − (1− J1)D2(q)/2ξ − J1J3D3(q)/2ξ, (8)
where J1, J2, and J3 are Heaviside functions defined as:
J1 = H(p− q − g), J2 = H(D1(q, y)), J3 = H(D1(q, y)− 1) (9)
and Di(i = 1, 2, 3) are given in Table 2.
This transformation of coordinates allows us to monitor the displacement of the mass and top plate of the slider
Table 2
Definition of functions D1, D2 and D3.
KV HS NSD
D1(q, y) 2ξy + q 2ξy + q3/2 (2ξy + 1)q3/2
D2(q) q q3/2 1
D3(q) q − 1 q3/2 − 1 1− q−3/2
relative to the progression of the drifting oscillator. The drift v can then be obtained by substituting the relative
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displacement q of the bottom plate and the normalised velocity y of the mass both obtained from (8) into equation (5)
as shown in equation(10).
v′ = D3(q)/2ξ + y. (10)
The solution of equation (8) further allows the study of the co-existing attractors in these systems.
The analysis of the bounded dynamics of drifting oscillator was discussed extensively in [4] for the KV model.
The results from the time histories as shown in Fig. 2 suggest that the displacements for the KV model can be con-
sidered as equivalent to those found for the HS and NSD models at low frequency and damping coefficient values,
i.e. ω ≤ 0.1 and ξ ≤ 0.1. Hence, the results from [3,4] should adequately describe the local and global dynamics of
drifting oscillators with these characteristics.
This is however not true for the global dynamics of drifting oscillators with high frequency and damping coef-
ficient, i.e ω ≥ 0.1 and ξ ≥ 0.1. In Fig. 5, the Poincare´ maps of the three systems, plotted at parameter values
a = 0.3, ω = 1.4, g = 0.02, ξ = 0.1, b = 0.2, suggest that the global dynamics of this system is dependent on the
type of contact force model employed. However, we note that the attractor for the KV model is topologically similar
to that of the HS model (see Figs. 5a and 5b). The shape of the chaotic attractor produced by using the NSD model
differs significantly from those of the other two models (see Fig 5c).
The bifurcation diagrams y = η(b) in Figs. 4e–f and the magnified view of the region shown in Fig. 6 suggest that
there are co–existing attractors for the HS and NSD models at a = 0.3, b = 0.2, ξ = 0.1, and ω = 1.0. As stated
earlier, the co-ordinate transformation allows the analysis of the bounded dynamics and help to explain the global
behaviour observed. Using this approach, we investigate these by constructing the basins of attraction of the system
using the same parameter as in Fig. 4 for the HS and NSD models for b = 0.2. The resulting basins are shown in Figs.
7a and b for the two models respectively.
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It can be observed from the results displayed in Fig. 7 that two period-2 attractors co-exist for both HS and NSD
models at these parameters values. Their basins are given by the light/yellow and dark/brown colours. The correspond-
ing trajectories of the both systems are shown on the phase plane in Fig.8 (i.e. the normalised velocity, y against the
normalised relative displacement p). Attractors presented in Figs. 7a and 7c for the HS and NSD models respectively,
have yellow basins of attraction, while those presented in Figs. 8b and 8d have brown basins.
.
Figure 6. Bifurcation diagram y = η(b) at a = 0.3, ω = 1.0, g = 0.02, ξ = 0.1, ϕ = pi
2
showing co-existing attractors for (a) HS and (b) NSD
models.
It should be noted that for the period-2 attractor shown in Figs. 7a and 7c the motion of the mass is purely os-
cillatory and the bottom plate does not experience progression. Another period-2 attractors (shown in Figs. 8b and
8d.), which have brown basin, have a straight segment AB in the trajectory on the phase plane. For this part of the
trajectory the velocity of the mass reduce to zero from a positive value. This segment was shown in [4] to correspond
to the contact with progression phase, hence the combined oscillatory and progressive motion is observed for all initial
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conditions belonging to brown basins. For the KV model, there is no co-existing attractors for these parameters values
and for all initial conditions the system settles on purely oscillatory period-2 attractor similar to those shown in Figs.
7a and 7c.
The proposed decoupling procedure using the introduced coordinate transformation Eqs.(7) enables the study of
the bounded dynamics separately from the drift. This approach allows one to use the standard tools and methods of
nonlinear dynamics (such as basins of attractions, for example) to analyse the system behaviour whereas no equivalent
tools are available for the systems with drift. Here the solutions of the equations (8) describing the bounded oscilla-
tions can be calculated first and then, once it is obtained, the drift can be reconstructed using the equation (10).
5. Concluding Remarks
In this paper, the influence of different force contact models on the global and local dynamics of drifting oscillators
has been investigated for three different models of the contact force: Kelvin Voigt, Hertz stiffness and nonlinear stiff-
ness and damping.
The nonlinear dynamic analysis of the system was conducted for all three contact force models. The drift was
separated from the bounded system dynamics using coordinate transformation proposed in [4] to enable better un-
derstanding the events. The results of this analysis show that the local dynamics of the system for the three dynamic
models are almost identical. Hence, the simpler KV model adequately describes the dynamic behaviour. However, the
global dynamics is dependent on the model applied. It is also noted, that the HS model gives global results that are
topologically similar to the KV model while the behaviour of the NSD model differs. This suggests that in engineering
design, provided the stiffness and damping factor are appropriately defined as discussed in this paper, the KV model
may be used in the design stage.
In order to apply the theory of drifting impact oscillator in engineering applications, it is important to simplify the
assumptions in a manner that accounts for the physical reality of the events taking place during the contact phase of
the oscillator. As mentioned earlier, if there is a dissimilarity in the geometric profile of the contacting surfaces any
evaluation of the consequent deformation or as in the present case, the progression or drift, needs to take consideration
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of the influence of geometry of the surfaces. However, as observed in earlier sections, the local dynamic of system
can essentially be captured by using the KV model.
The question now arises, how do we choose a right model to use in a particular engineering application? Since,
the results of the KV model do not differ greatly from those of other models for low dimensionless frequency and
damping coefficient, we can as well define these parameters to reflect the nonlinearity of the contact force which
the HS and NSD models convey for our analysis. Hence, in this case the value of K and C used in any engineering
application could be those defined as in Appendix A for the nonlinear contact force.
However, because the global dynamics of the system differs for the three models at high frequency and damping
coefficient, it becomes important to consider the range of frequencies, ω, at which the particular engineering applica-
tion would operate. We note that ω is defined in Appendix B as the ratio of the forcing frequency to the characteristic
frequency, Ω0. The later is a function of the material properties and radius of curvature of the colliding surfaces and
can be calculated if the properties are known. It is therefore possible to determine the range of forcing frequencies, Ω,
that the KV model is applicable, for a given pair of impacting surfaces.
On the other hand, if the desired the frequency and damping factor are beyond the range in which the KV model is
applicable, then care must be taken in the selection of the model that best describes the physical reality of the events
taking place during the contact in order to estimate the long-term behaviour of the system. For engineering application
that operates only within a short period of time, the KV model should adequately describe the dynamic behaviour of
the application.
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Appendix A. Definition of Contact Force and parameters
The relationship between the applied static force, P , and the displacement, ∆, is given for a linear spring by
P = K∆, (A.1)
where K is the linear stiffness of the spring. In the case of the KV model, K(= K1) is a function of the material
elastic properties of the contacting bodies and the cross-sectional area of the contact. This can be defined for a uni-
formly loaded circular area of radius, r , elastic modulus, E, and the Poisson’s ratio, λ, of the impacted surface by [17]
K1 =
3pi2rE
16(1− λ2) .
(A.2)
Hertz [1] defined the contact force P generated between the two statically loaded elastic solid bodies in terms of
the penetration ∆ experienced, the radii of curvature and the material elastic properties as
P = K∆3/2, (A.3)
where
K =
4
3
E∗R1/2, (A.4)
corresponds to the nonlinear stiffness defined for the HS (K = K2) and NSD (K = K3) models. Here the effective
modulus E∗, is given by the equation
1
E∗
=
1− λ2s
Es
+
1− λ2m
Em
, (A.5)
where λs and λm are the Poisson’s ratios for the slider and the mass respectively and R is the effective radius of
curvature which is related to the slider radius Rs and the mass radius Rm according to
1
R
=
1
Rs
+
1
Rm
. (A.6)
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If we consider the slider as an elastic half space as in the case of the drilling through the earth crust, the effective
radius of the system reduced to the radius of curvature for the mass.
In the KV and HS models, the damping coefficients C1 and C2 can be defined for an impacted surface with circular
loaded area of radius r in terms of the elastic properties of the media according to [18]
C1 = C2 =
4r2Eζ(λ)
cs(1− λ2)pi
(A.7)
where ζ is a function of the Poisson ratio λ and cs is the shear wave speed in the impacted solid.
A more representative contact force model was proposed by Huntley et al. [19] for the case of dynamically loaded
contact. This was adopted for the NSD model and is of the form
P = K3∆3/2(1 + C3∆′).
(A.8)
where K3 is as defined in (A.4), and C3 is the damping coefficient given by [20].
C3 =
3
4(V1i − V2i)
(
1−
( |V1i − V2i|
V1f − V2f
)2)
(A.9)
Here, V1i and V2i are the velocities of the mass and the slider at beginning of impact, while V1f and V2f are their
corresponding velocities at the end of impact. This forms the basis of the definition of the contact force for the NSD
model. Table A.1 summaries the definitions of the stiffness and damping constants for the three models.
Table A.1
Definition of stiffness and damping coefficient for Contact force models. Note: χ = 1−
( |V1i − V2i|
V1f − V2f
)2
Definition KV HS NSD
Stiffness
3pi2rE
16(1− λ2)
4
3
E∗R1/2
4
3
E∗R1/2
Damping coefficient
4r2Eζ(λ)
cs(1− λ2)pi
4r2Eζ(λ)
cs(1− λ2)pi
3
4(V1i − V2i)χ
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Appendix B. Definition of dimensionless Variables
First we define the dimensionless time τ and frequency ω (see Fig. 1(b)) in terms of the time t and the characteristic
frequency of the system Ω0 (see Fig. 1(a)) by
τ = Ω0t (B.1)
ω =
Ω
Ω0
(B.2)
In order to define dimensionless forces, we note that we need a reference force. As discussed earlier, the bottom
slider is assumed to only move when the dry friction force is exceeded. It is observed that any form of permanent
deformation does not occur in nature until the yield stress is exceed. Hence we can assume that no significant progres-
sion occurs during the contact until the stress on the impacted surfaces exceeds the yield stress.
We let the maximum force applicable during the contact without progression phase (i.e the force at yield) of motion
for the drifting oscillator be Pmax, and the corresponding displacement of the top slider that occurs under this load be
Xs. This implies according, (A.1), that for the KV model,
Pmax = KXs (B.3)
while for the HS and NSD models we have from equation (A.3)
Pmax = KX3/2s (B.4)
We then define the dimensionless variables (see Fig 1(b)) based on the contact models and the other parameters as
shown in Table B.1
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Table B.1
Definition of normalised variables.
Definition Variable KV HS NSD
Normalised displacement of mass x
K1X1
Pmax
X1
XS
X1
XS
Normalised displacement of top plate z
K1X2
Pmax
X2
XS
X2
XS
Normalised displacement of bottom plate v
K1X3
Pmax
X3
XS
X3
XS
Normalised displacement of gap g
K1G0
Pmax
G0
XS
G0
XS
Normalised velocity of Mass y
K1X˙1
Ω0Pmax
X˙1
Ω0XS
X˙1
Ω0XS
Square of the characteristic frequency Ω20
K1
M
K2X
1/2
S
M
K3X
1/2
S
M
Normalised damping coefficient ξ
C
2MΩ0
CX
−1/4
S
2
√
K2M
C
2
√
K3
M
X
5/4
S
Normalised static force b
PS
Pmax
PS
K2X
3/2
S
PS
K3X
3/2
S
Normalised amplitude of dynamic Force a
Pd
Pmax
Pd
K2X
3/2
S
Pd
K3X
3/2
S
Normalised dry friction force d = 1
Pf
Pmax
Pf
K2X
3/2
S
Pf
K3X
3/2
S
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